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ON THE LOCAL BOUNDEDNESS
OF SINGULAR INTEGRAL OPERATORS

MARK LECKBAND

ABSTRACT. The class of singular integral operators whose kernels satisfy the
usual smoothness conditions is studied. Let such an operator be denoted by
K. We establish necessary conditions that imply K has local (weighted) LP
norm inequalities.

The underlying principle is as follows. If xg is the characteristic function
of a fixed cube Q of R™, or all of R™, then Kxq and (the adjoint of K) K*xq
determine the boundedness properties of K for functions supported in a proper
fraction of Q.

In [6], David and Journé classified Calderén-Zygmund operators that map
LP(R™) boundedly into LP(R™). What we propose to do is establish conditions
that imply a singular integral operator K has local (weighted) LP norm inequalities
when K is associated with a kernel k that satisfies the usual smoothness conditions,

lk(z,y) — k(z',y)| + |k(y, z) — k(y,2")| < Clz — 2'°/|& — y**°,
for some 0 < 6 < 1 and all (z,y),(z',y) with z # y and |z — 2/| < |z — y|. The
other condition is
lk(z,y)| < Clz —y|™™.
Our approach will be similar to that of [8].

Let @ be a bounded cube of R™ or all of R™. Then how K and the adjoint K*
operate on the characteristic function of @ will determine the local L? or weighted
L? boundedness of K. Let a@ be the cube @ dilated by a keeping the center the
same. We define (Definition 4.0) a local weighted version of the weak boundedness
property of [6] which we call WBP(Q). This property is a necessary weakening
of the w.b.p. The main result is the following theorem. The associated maximal
operator of K will be denoted by K..

THEOREM. Let K satisfy WBPo(Q) for a po > 2. Then there is a positive
constant Cp, < 1/400 such that for f supported in Cp,Q,

[Vt @Pug, ) d < Ay [ 110
and

JIE-1@) do < By [ 11(@Pu? (@) d,
where

Wy, (2) = 1 # #(s Pods o
pola) = [sup o [ (187 @)+ 1856+ 7 s

z€J
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and fr(z) = Xg(z)K[Xg|(z) — xo(z)aveq(XgK[Xq]) with X¢ being the charac-
teristic function of Q with smooth edges when necessary. The function Bar(z) is
similarly defined using K*.

If Qis R™ and 8.1 = K1, 8p1 = K*1 both belong to BMO, then the above
theorem is just the T1 theorem of David and Journé [6].

For an application of the above theorem, we look at a commutator with fractional
differentiation defined in Murray [10] for functions A € Lips(R™)\Is(BMO), 0 <
6 <1 [14]. We list the result as Theorem 6.2. Finally we would like to make two
remarks.

The restriction of pg > 2 arises initially in Theorem 3.1. This restriction is
most useful in establishing various (and seemingly unrelated to Theorem 3.1) facts
throughout the later sections. However, it may be possible to improve Theorem 3.1
to be able to consider 1 < pg < 2.

The second remark is that the smoothness conditions may be considerably weak-
ened without changing the proofs and statements appreciably. For instance, one
could only require

Clz —2'|%
(z.4) = k(') < EE—ZL (0o 52 0) + 1),
r—z [
(2:2) = k(32| S TE— e (M-8 )+ 1),
and
1 # | a#
|k(z,y)|] < Cl—z"jy'—n(Mlz—m[ﬁL + Bifl(y) +1).
We define

Mif(y) =  sup ﬁ /Q \f () dz.

vEQ, 3(Q)>5t
The derived paraproducts L and M satisfy these conditions.
Finally, I would like to thank the referee for many helpful suggestions.

1. Preliminaries. The definitions and terminology we shall use will follow that
of [7 and 8] with some necessary modifications. Most of the statements and proofs
of lemmas and theorems are local; however it is to be noted that they are still true
for all of R™. Therefore, Q will always be a bounded cube of R™ centered at 0, or
all of R™. We include the possibility of all of Euclidean space to be able to state
simply global results and we center at 0 for ease of notation. We shall use a@ to
denote Q dilated by a. We shall use s(Q) and d(Q) to denote the edge length and
diameter of @ respectively.

The operators we shall study will be associated to a kernel k(z, y) which is defined
on R"® x R™\A, A = {(z,y): ¢ # y}, and for which there are constants C' > 0 and
0 < 6 <1 such that

16
(11) (2,4) = k(&' )] + (3 2) = bl )| < D

for all (z,y), (z',y) € R" x R"\A with |z — 2/| < J|z — y|. Also k(z,y) will satisfy
the usual growth condition

(1.2) |k(z,y)| < Clz —y|™", forz#y.




ON THE LOCAL BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS 41

The operators K that we will study will be continuous linear maps from the
space of smooth functions with compact support, C(R"), to [CS°(R™)]’ having
the property that

(1.3) (0. Kf) = / / o(2)k(z,9) (v) dy dz,

for test functions g and f with disjoint support and k(z,y) is a kernel satisfying
(1.1) and (1.2).

Such operators have a natural extension to the space of bounded smooth func-
tions by defining them as distributions of smooth functions with compact support
and vanishing mean. We localize this well-known idea as follows. Let ¢ > 0 be a
C®(R™) function, with [ ¢ = 1 and denote ¢;(z) = ¢(z/t)/t". Then for smooth
functions g compactly supported in 1Q, Cg°(%Q), we have (g,K(¢: * X@)) =
(9, K1) + (g, K(1 — ¢+ * X)), where K1 is the distribution found by applying K
to the constant function whose value is 1, (see Lemma 1 of [8]). The inner product
on the far left equals

/ / 0(2)[k(z,v) ~ k(z0,1)](1 — $¢(y) * X (v)) dy d,

for zg in %Q and small ¢. This integral is absolutely convergent uniformly for small
t. Thus for g in C§°(3Q), we define

(1'4) (g7 KXQ> = tll_%(gaK(¢t * XQ)>

The above definition is easily seen to be independent of the C°(R™) function ¢
that integrates to 1 by the above observations. We complete the preliminaries with
the following elements of Littlewood-Paley theory.

Let 1 always denote a radial C* function supported in {|z| < 1} such that

(i) ¥(z) =0 for |z| < 3.

(i) f4 =0.

(iii) f(z[;(t))2 dt/t =1, 1 is the Fourier transform of .

Condition (i) will be very useful when we localize our Littlewood-Paley operators
in the next section. The rest are standard conditions. Let 9:(z) = ¢(z/t)/t™ and
define Q.f(z) = ¢ * f(z), f in LP, 1 < p < oco. We will construct operators
gy, Sy, ds that are generalizations of the g-function Lusin area integral, and g}
functions of [10] using 1 instead of the Poisson kernel.

The immediate facts we need are that gy, f(z) = | [[Q:f(z)])? dt/t|*/? is LP norm
equivalent to f with equal p = 2 norms, {7], and

[s@1@dz= [[ Qicuatens@ % de
= [[ @u@aur @ a.

We will need one more operator, that being the approximation to the identity. Let p
denote a positive radial C* function supported in {1 < |z| < 1} such that [p=1.
Let pi(z) be p(z/t)/t" and define P, f = p; * f.
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2. Localizing the g,-function. Given a function f supported in a cube @,
it is reasonable to expect that the range of integrations used in computing the LP
norm of gy f can be restricted depending upon the dimensions of Q. This is the
content of the next two lemmas which allow us to do all of our estimations within a
multiple of Q). Before starting we would like to remark that a more natural approach
to the theorems of this paper might be to regard @ as T, the n torus, and set up
the Littlewood-Paley machinery using the pertinent facts of [13]. Unfortunately it
seems the smoothness property (1.1) is lost when periodizing k(z,y).

In anticipation of the A; weight wp, of Theorem 5.2, we consider A, weights (9]
for Lemmas 2.1 and 2.2.

LEMMA 2.1. Given1 < p < oo, u € Ap, let f € LY, and be supported in cube

Q. There is a constant Cp, such that
Cps(Q) AL
[ @uarg

; u(z) dz.

ey [u@prdmdsc, [

PROOF. The operator gy, f = (f(Q:f)?dt/t)}/? is an isometry on L? and is
bounded on L? for all u € A, and 1 < p < co. Thus gy f and f have equivalent
weighted norms, 7, p. 79].

Assume f > 0 and let C > 3; we will choose C later. Then we have

[ Peu@ <, / (90 f(2)Pu(z) do

4

(2.2)

+ C (9w f(2))Pu(z) dz.
R™\CQ

We use property (i) of ¢ to get

204(Q)
[(@us@)rute)az = L . | @ ))2‘”

The choice of C comes in with estimating the second integral on the right side
of (2.2). Simply choose the constant large enough so that this term is at most half
the value of the integral on the left of (2.2). To see that this can always be done,
observe Q:f(z) =0 for z € R"\CQ and 0 < t < |z|/2. Thus, for z € R"\CQ,

(66 /(@) < D, /Q

2|
and using Holder’s inequality we have the above is less than

u(z) dz.

-—pn

p—1

x|

) /Q f”(y)U(y)dy‘-‘ /Q ut-

Note that D, depends upon p and ||%|w. Since u € A, we have ul™? € Ay, in
particular A,. So for some constant Ec greater than a positive power of C, we
have for z € R™"\CQ,

, 14
‘/ u' 7P (y) dy
Q

_ A o P
217" < o [Mxoqu' (=)
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where M is the Hardy-Littlewood maximal operator. Thus

/ g @) b < 1/,, / Pz [ [ @

: / MP[xcqu! ™" |(z)u(z) de
< ﬁ‘f,,, e

The proof is completed by choosing C large enough so that the constant A"/ El/ P
is less than 1C,.

-1

LEMMA 2.2. Given1l <p < oo, u € Ap, and f in C* supported in Q, suppose
Kf € L5(4Q). Then there is a constant By such that
(2.3)

/ (K f(2))Pu(z) dz

Q
Bps(Q) ’
/ {[[ @rreuamees )ﬁdy} 2

p/2

< B, u(z) dz

B,Q
+ By / fP(z)u(z) dz,
where ki (z,y) = X, ()X, () - k(z,y), Qo = 100B,Q.

PROOF. By Lemma 2.1 there is a constant C such that

/ (K f(2))Pu(z) da

4Q

dt

Cps(Q)
<20, /O Q(Xau K1) u(z)dz

CpQ

C,S(Q)
w26, [ [T (Xoo\4QKf)(x)dt o)t

Cp@

where Qo = 400C,Q. The first integral is precisely the first integral of our conclu-
sion if we let B, = 4C,,.

The second integral is bounded by 2C, fQo\ ag(K )P (z)u(z) dz. For z € Qo\4Q
and y € Q, we have |k(z,y)| ~ |z —y|™" < C|Q|. Thus we conclude the proof with

26, [ (KIP@u@)dr<C [ M) eu(e)da
Qo\4Q
< [1@Putz) dz

We would like to remark that the constant 100B, is at least 400.
Lemma 2.2 sets the stage where the estimations to be done take place. The first
integral on the right of (2.3) contains the quantity Q:K; Qs (z,y), and the kernel of
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K is k(z,y) X g, (2)Xg, (y). The function Xg(y) is a C* function, where we have
assumed a smoothing of the edges. This will not affect the estimates we shall do.

Note that the ranges of integration for the variables y and ¢’ cannot be restricted;
however those ranges of the variables z and ¢ have been sufficiently restricted in
order to do our estimations locally.

3. The operators L and M. We shall decompose the operator K; of Lemma
2.2 as the sum of three operators Ko, L and M, where Ko = K; — L — M. We
define the operators L and M below as in [8]. However, since we are not assuming
K and its adjoint necessarily map 1 into BMO, the properties of L and M must
be established anew. In particular, we will establish their behavior as maps of L?
(Theorem 3.1), and the smoothness properties of their kernels (Lemma 4.1 in §4).

In the sense of (1.4) with Q replaced by Qg, we desire to have L1 = K;1, M1 =0,
Kol = 0, and the adjoint operators satisfy L*1 = 0, M*1 = K*1, and K*1 = 0.
The special property of Ky and its adjoint mapping 1 into 0 will allow us to obtain
pointwise estimates on |Q; KoQ:, (z,y)| (Proposition 4.3) that are weighted variants
of those in [8]. This is our reason for the decomposition using L and M.

As was mentioned in the last section, a smoothing of the edges of Q)¢ shall be
done. For example, consider PyXxg,, 0 < v < }1—. Fix v and note that no estimates
will depend upon . We use Xg, to denote P,xq,-

Let

1(2) = Xau (2)K11(2) = Xau(2) [ K(z.4)Xan(v) du,
and Aum(z) = Xg,(z)K11(z), and we require that their averages over Qo vanish.

To ensure this happens for finite Qg, redefine 3, to be fr — xg,aveg,fr, and
similarly for Gps. Let

Li@) = [ QuQu P T

dt
M f(@) = [ QB PND) T
and for f,g € C°,
dt
t
. dt
(0. M) = (M°0.1) = [[ Pot@Qub@Qu @) T da
The estimates and norm inequalities that will be satisfied have a weight derived
from the functions 8 and Bys. We define next the p-sharp maximal function of 5,

and s that will be the weight of our results.
DEFINITION 3.0. Given Qg and pg > 1, let

(0.Lf) = / Qu0(2)QuBL(z) P f (2)% da,

Po —1/po
dy] )

B0 e = s [ [0+ st +1

where

# 1 v g 1/po
B*(y) = sup [FQT /Q 1B(s) — avegh| ] |

yeQ
Note that we are also using J to denote a cube of R™.
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THEOREM 3.1. Given pg > 2 we have

(3.2) L M*: [P — Lfv,’,f , for2<p<q(po)
0
and
(3.3) LM, L*M*: L2 _, — L2,
po

The norm constants for the above maps only depend upon the dimension n and pg.

PROOF. We shall just prove (3.2) for the operator L since the argument for M*
is similar.

Fix po >2 and w = wzo. We will first show that the operator L,,, defined by
dt|/?

Luf(@) =| [ PR 1@)@2 (00

maps LP into LP, 2 < p < q(po), boundedly with a constant that depends only on
dimension n and pg.

To begin, we observe that w™! € A; since pg > 2, and w € A; with wu € A,
for any u € A; [5]. By a method of de Francia [11], to show an operator maps L?
boundedly into LP, one need only show L., maps L2 into L2 uniformly for u € A;
with uniformly bounded A; constants. We will only be able to show this for u
with A; constants sufficiently close to 1. This restriction puts an upper bound on
p which we denote by g(po)-

Now to show L, maps L2 into L2 boundedly, we only need to show that
|Q28L (z)w(z)| (dt/t)u(z) dz is a Carleson measure [12] with respect to u € A;.
This implies the sequence of inequalities;

J[ P2 rw@tse ) SFut) ay
< / M?[(y)uly) dy < C / 1f ) Puy) d.

Let @ C R", and let 1 = B — (1/]3Q)) fsQ Br(z)dz and B2 = B1x3Q. Then

s(Q) s(Q)
| @nwTuwuwa= [ [ eswTuaued
QJo QJo

< [[ @ Fewuwa <o [ Buuwuw i

/ u'te(y) dy
3Q

1/(14¢€) 1/(1+¢)

< Cesssupuw(y) [ [ sy dy]
ye3Q 3Q

The above is less than Cu(Q) if we require € to be such that 2(1 +€)/e = pp and
u to satisfy the reverse Holder condition for such an €. Therefore the A; constant
of v must be sufficiently close to 1 and so 2 < p < ¢q(pg). Thus we have L,, is a
bounded map of LP.
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Now we choose a g € LZ:’,;O with ||g||p,,w,g0 < 1. Then for f € LP and p > 2,

6.2z, =| [ Qo @RI S

p'/2 1/p
[|f @

wy (y) dy
/ \ [ @mwPG)

dy

<

p/2 VP

dt dy

t

by a double application of Hélder’s inequality. Since p > 2 we have p’/py < 1 and
w;ol" € Ay, so the above reduces to Cllgllp w2 1 Lwfllp < ClIf|lp-
To show (3.3) we let g € L? with ||g||2 = 1. Then

/ / Q?g(z)fit-t N // Q26 (x) P2 f(2) % s

again by a double application of Holder’s inequality. The second factor is just
|Lwf ||2,w;02 <C|f ”2’“';02' To finish we observe that L and its adjoint share the
same p = 2 norm.

We will complete this section with one more result, that is L1 = 8, L*1 = 0, etc.
in a sense akin to Lemma 1 of [8].

1/2

[{g, L) <

b

LEMMA 3.2. Let g € C§° supported in %Qo. Let ¢ € C such that ¢ =1 on
{|z| < 3} and supp ¢ is contained in {|z| < 1}. Then if ¢'(z) = ¢(z/t),

(3.4) Jim (g, L6) = (g. Bu).
(35) tli,rgo(g’ M*¢t) = <g1ﬂM)a

(3.6) im (g, Ko¢"), lim (g, K5¢'), lim (g,L"¢"), and lim (g, M¢') =0.

PROOF. We first consider the operator L. Then we have

0.6 =| [[ @U@ P60 T

< [ 1QuwliQu )T

/l/Q?ﬂL(y)('i;

po/2 1/po

< Cligll, - dy

b

by a double application of Hélder’s inequality. The second integral can be shown to
be less than CfQo(ﬂf)pO(x) dz since the support of G, is in Qo and aveg,fL = 0.
Our weight is assumed to be not identically zero; thus the above is finite, allowing
us to use the Lebesgue dominated convergence theorem, so

Jim (0.26) = [[ Q@) T dy
= {olu), B2 (0).
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To show lim(g, L*¢*') = 0, we observe that ¢ 3> 2B,Q, supp(%) U supp(p) C
{3 < |z| < 1} and supp(g) C 2B,Q implies

v 3C2ly| dt
o L") < /R o / QuB1 )1 Prgv)| . dy

Caly|

< Cy / M () ()| Ma(y)] dy.

Now the argument is similar as before. That is, limy o Q¢(¢! )(y) = 0 and the
Lebesgue dominated convergence theorem imply limy_o (g, L*#t') = 0. Note that
the arguments for M and M* are the same. We complete the proof by observing

lim (g, Kog"') = lim [(g, K10") — (9, Lo") — (9, Mo*)] =0,
t'—o0 t'—o0
and the proof for K is the same.

4. WBP((Q) and pointwise estimates. The weak boundedness property,
w.b.p., of (8] is satisfied by operators with asymmetric kernels. We cannot always
hope this to be the case, and a weighted variation, WBP(Q), is defined below in
Definition 4.0. We will show that the operators L, M, etc. satisfy WBPo(Qo).

The main objective of this section is to derive a pointwise estimate on
|Q:KoQy¢ (z,y)|, Proposition 4.3. To do this we will need some preliminary re-
sults on the smoothness properties of the kernels of L and M, and to show Kj
satisfles WBPy(Qo).

DEFINITION 4.0. The WBPy(Q) property. Let @ be a bounded cube of R",
or all of R", and pg > 1. Let & and n be C™ functions supported in {|z| < 40},
and suppose one integrates to 0. Then K will satisfy WBP,(Q) if for z € Q, and
0 <t < (1/(100)) - s(Q), we have

(41) l(ftaKnt)i <Cpo/tn _l(y)v
for |z — y| < 5t and wy, defined in Definition 3.0 using @ instead of Qo.

LEMMA 4.1. For pg > 2 we have the following smoothness estimates on the
kernels of L and M. Define

1
Muaf*)=  sip [ 16E @)1+ 15 (@) de
ved,s(1)>slu—v| [ Js
Then
o dt
|L¢(u,v) — Ly(s,v)| + | Le(v,u) — Lt(v,s)|7
0
o dt
(4.2 [ M) = Mulo, o) + 1Mo, ) - Moo, )| S
0
Clu—s
< ml__WzT'fMlu—vlﬂ#(”)* Jor Ju—s| < L|u—v|.

PROOF. We shall just work with L. For ¢ < %|u — v| we have Ly(u,v) =
J ¥e(u — 2)(Q:BL)(z)pt(z — v)dzr = 0. Hence the range of integration is over
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t> 4(lu—v|Als—v|). Since |u—s| < 1|u — v|, we have |s — v| is comparable to
lu — v| Moreover, observe that | (u — z) — ¥ (s — x)| < Clu - s|/t"*1, and so

dt
/ |L¢(u,v) — Ly(s,v |— < C/ / a5l T |QtﬂL z)|pe(v — z) dz—.
0 C'lu—v| tnt t

For each ¢, Q); operating on a constant is 0. Thus we have the above is less than or
equal to

lu—s /, / e M, % (v)pe (v — x) dl‘d— < CHT!HMlu—mﬁ#(U)-
lu—v|
An important class of operators has kernels k(z,y) that satisfy (1.1), (1.2) and
have k(z,y) = —k(y,z). This class contains the commutators of Calderén for in-
stance, and in [6] it is shown that this class satisfies the weak boundedness property
or (4.1) with the weight replaced by a constant. Hence the hypothesis of the next
lemma is satisfied for this class.

LEMMA 4.2. Assume K, satisfies the WBPo(Qo) for some pg > 2. Then
Ko, L, and M satisfy the same property for the same pg.

PROOF. We only need to prove the lemma for L and M, and since the proofs
are similar we shall just prove the lemma for L.
By (3.3) we have for p; = (po +2)/2 > 2,

/ In? ()2

Now let x1 = x2B,(y)> and X2 = XRrr\2B,(y)- Lhen

1/2 C
=

1
L < ._/ ~2(2)dz
(&5, Lnd)| < tn/2 Bi(y) JB,(v) v ()

1/2
1
—_— M(X,[|8F L+ 1P (u)] 2P d <C
B o MOGUBEI+ 1851+ 1P @7 b < o0
by an application of Holder’s inequality and ||M[f”1]||;£’/’1:,l < C||fp°|[i/p° for po >

p1 > 2. Observe for u € By(y) that M(xs - (167 | + |8%| + 1)7!]}/P1w is basically
constant; hence
(& 7L77t>| < Cp, Wy, ( )L

Before continuing we should remark that nowhere did we explicitly use the fact
that £ or n integrates to zero. This is because we only concerned ourselves with
|z —y| < 5¢, yet we still require this in our definition so as to include the aforemen-
tioned operators with asymmetric kernels, etc.

Recall that (2.3) of Lemma 2.2 set the stage where the estimations are to be
done. Having K; = Ko + L + M, and Theorem 3.1, we derive pointwise estimates
on |Q:KoQ¢ (z,y)| in the same manner as is done in (8]. The proof is similar and
the only thing one must do is take care with the weights and so forth involved.

PROPOSITION 4.3. Let Q be contained in R™, or be all of R™, and 0 < t <
B,s(Q), where By, is the constant of Lemma 2.2. We have the following estimates
onKo=K,—-L-M.

(43) |1Q:KoQu (z,9)| < Cwy ! (y)(t) /llz — y|™ 0 +¢7+°),
foro<t' <t, |[z—y| <5t




ON THE LOCAL BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS 49

(44) |Q:KoQr (z,y)| < Cwp!(2)(8)°/[lz — y|™* + (¢')"*),
forO<t<t, |z—y| <5t

(4.5) QK Qe (z,y)| < Cup (@)t ML) /[|lz = y|"** + (£ v £)"*],
for |z —y| >5tVvi.

PROOF. We will first consider the case |z — y| > 5t V ¢’ and assume 0 < ¢t < t'.
If 0 < ' <t then (2.3) implies t’ is less than B,s(Q) and the argument is similar.
Thus

|QeKoQe (z,y)| < [(WF, Kawy)| + |7, L) + (o7, M)

Using the smoothness property (1.1) of K and the mean 0 property of 1, one derives
(W2 K19%)| < C(t)%/|z — y|”*° the usual way. For the other two terms, we use
the smoothness property (4.2) of L and M and the mean 0 property of ¢ to derive
(just consider L)

i, L <| [ 92 [ Letuo) - Lz Gt duan,
<¢ [l L M8 Wt )] dudo

<O @)

since
M|u_v|ﬂ#(v) < Cwpy(z), for lu—z| <t.

Finally we note that for 0 < ¢/ < t the upper bounds derived are the same with ¢
replaced by ¢’ and wp‘o1 may still be considered as a function of z. This establishes
(4.5).

Now we consider |z — y| < 5t V¢’ and we assume 0 < ¢ < t’. Again the case for
0 < t’ <t is similar. We begin as is done in [8] by letting  be a radial function
equal to 1 on {|z] < 20} and 0 on {|z| > 30}. Denote a®*(z) = a((z — z)/t). Since
|z —y| < 5t' we have a®t =1 on supp ¥Y. We require the following deeomposition.

1Q:KoQ:(z,y)| < |(¥F, Koa™* 9% (2))|
+ [(F, Ko(e®t — a®2) (4% — ¥¥()))]
+ (08, Ko(4Y — 9¥ (z))a>?)]

We shall estimate the quantities on the right in order.
B (I) Having lim;_, . (¥F, K14*) = 0 from Lemma 3.2, for ease of notation we write
#* = 1. The following estimates are uniform for all large .
(6F, Koo™ i (2))] = |(4F, Kola™"' ~ 1)9}i(2))]
< OllWF, K1(0™ — )| +|(WF, L™ — )| + [(¢F, M(a™* - 1))[Jt"™,
since ||¢y]joo < C - t'~™.
Given u € suppI'* and v € supp(a®* —1), we have |z —u| < %|u—v]; hence the

smoothness property (1.1) of K and that of L and M (4.2) apply. The argument
is now the same as before in the case |z — y| > 5t V¢'. Thus

(07, Koo Wl < Sz o).
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(II) We begin by observing that if u € supp%? and v € supp {o®! —a®2t}, then
|u—z| < %|z —v|. We shall also use the estimate |}, (z) — %!, (z)| < C|z —z|/tF1.
Thus again using the smoothness properties of K, L, and M,

[(wF, Ko(a™ — a®2)(yY — v¥(2)))|
6 _
< C/th [ vllfllw] lf,nffl 't (v) dudv

u zT—v /
+2C/th [ vlnLl} lt/n+1| - Mo, 8% (v) - 0™ (v) du d,

<C (t/()_7)1+5wpol(x)'
(III) In estimating the third quantity, we are forced to consider the weight wp,
as a function of z. We argue exactly as is done in [8].
Let (¢/t")"BF = (¥Y — ¥} (z))e™?!. Then it is easy to show that the set of
functions {(t'/t)B} are all supported in {|z| < 40}, are C* and are uniformly
bounded by ||V¥|le- By (4.2) we have

[(WF, Ko(v} — v (2))a™2)] = (¢/¢)" (v, Ko(t'/t)BF)],

t -
S C(t)—n-H 1(13).

This completes the proof.

5. The L? theorem. Theorem 5.2 is the essential result of this paper in that
the implications (§6) follow by interpretation and the usual techniques. In our proof
of this theorem, functions similar to the S and g} functions of [12] arise naturally.
The g3 function is LP bounded for all p > 2 provided A > 1. For 1 < p < 2, the
gx function is L? bounded for p > 2/A, and here lies the problem in extending
Theorem 5.2 for py < 2.

For example, the function that we call §s(f) (see Definition 5.0) seems unavoid-
able in our proof of Theorem 5.2. This operator is L? bounded for p > 2, see
Lemma 5.1 below, but the L? boundedness for 1 < p < 2 will at least require
p>2/((n+6)/n). Since ¢ is the same as in property (1.1), it is interesting to note
that there is some effect by assuming 0 < 6§ < 1 rather than just 1. Nevertheless
we are only concerned with p > 2.

DEFINITION 5.0. Let f € C* with compact support and 0 < § < 1. We define
Sy f and gs f for £ € R™ as

1/2
(5.1) Syf(z (Q:f(y)?t " dydt|
lz—y|<5t
1/2
©F [
(52 géf ‘/ / /Qtv t"+5+|z—y|"+5 dy vt

LEMMA 5.1. Forp > 2,

(5~3) ”géfnp < Cp,tﬁ”f”pv ”Swf”p < Cp”f”p‘
PROOF. The proof is basically that found in [12, Theorem 2, p. 91]. Similarly

one observes Sy f(z) < Csgs f(z).
We are now ready to prove the basic result.
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THEOREM 5.2. Let K satisfy WBPo(Q) for a po > 2. Then there is a positive
constant Cp, < 1/400 such that for f in LP and supported in Cp,Q we have

(5.4) [ 1K @), (2 do < Ape JEER
(5.5) [ 1K 1@ @) dz < A [ 11 da,
where
» —1/po
wpe(a) = fsup o [ 1BE )+ 85 (o) + 1P ds|

and

Br(z) = Xg(z) - K[Xg](z) — xq(z)aveq XK [Xqg],
and

Bum(z) = - K*[XQ](z) — xq(z)aveq X K™ [Xq)-

PROOF. For notational ease we have assumed up until the statement of this
theorem that the support of f is contained in a cube @ and for Q¢ = 100B:Q,
By > 4 (see Lemma 2.2), we have the operator K satisfying WBPy(Qo), etc. So
assume f is supported in @ and without loss of generality assume the center of Q
is 0.

We break up the integration over R™ into integrating over R™\4Q) and 4Q).
Observe that (1.2) implies that |K f(z)| < C[M f(z)], so with wp,(z) < 1 we have,

| ki@, @ da < [ 1@
R"\4Q

It is of course the integration over 4@ that is interesting. To start we have pg > 2
$0 w, 2 € Ay. Observe that w2 € Aj, so by (2.3)

/ K1 (2) P, (z) de
4Q

cof J[ {ffamemo ol

+ C, / |f(z)|? dx,

where the kernel of K is given by k(z,y)Xqg,(z)Xqg,(y). Using the decomposition
of Ko = K; + L + M, the first integral on the above right is bounded by

32/[(Lf( )2+ (Mf(2))?Ju2, (z) d

B2s(Q / 2
+32/BzQ /0 {/ Q:KoQt, (z,9)Qs, f(y )dt } % w

By (3.2) and (3.3) the first integral is bounded by C [ |f(z)|? dz.
We split up the last integral into three whose domains of integration in y and ¢’
correspond to that of (4.3), (4.4), and (4.5).
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For |z — y| < 5t and t' < t we use (4.3) with Hélder’s inequality to get

t ’ 2

{ L/ QtKoQt,(x,y)Qt,f(y)dy‘i—f}
|z—y|<5t

y)(t)° | at’

//lz yl<5t t"+5 W ¢

AV ’
/ / IS dt
lz—y|<5t tn+6 + |I - |n+6 t

Observe that the first factor is bounded by Cw; (). If we now integrate (5.6) over ¢
and z with respect to w? () dz dt/t, the second factor becomes [[gs f(z)]? dz which
by Lemma 5.1 is bounded by C [ |f(z)|? dz.

The second domain of integration is ¢ < ¢’ and |z — y| < 5¢. Note that the
weighted estimate (4.4) has wp, as a function of z. This simplifies matters as we
can simply cancel out the weight w,, and obtain the following integral

(] QWO ddr|
BpQ |/t |z—y|<5t (t)n+o + |z —ynto t ¢

and changing the order of integration, one derives,

<c / [Suf(2))? dz < Cs / £ (@) da

(5'6) < Cpo

Y

by Lemma 5.1.

Finally in order to complete the proof we must consider the domain |z — y| >
5t Vt'. Again we have that the weight w,, in the estimate (4.5) is a function of z.
Thus the weights cancel and we apply Holder’s inequality below,

2
dt’
// QtKoQ:, (z,y)Q:, f(y )—dy
|z—y|>5tvt’
(tnt) dt’
< —d
- [//Iz—yl>5tvt' |z — y|"+5 +(tvV t')n+6 t! Y
/ / QI dv
lz—y|>5¢ [T — y[PHE +n+s ¢

2i(y)()° dt’
/ /Ix y|>5t |z — |"+5 + (t)n+s dyt_} .

(5.7)

The first factor of (5.7) is easily computed to be a constant. When the right side
of (5.7) is integrated over ¢t and z with respect to dz - dt/t, the first term of the
second factor is easily seen to be dominated by |js f|?. For the second term of the
second factor, we first change the order of integration of ¢ and ¢'. The integration
of the variable t can be carried out, then what is left is easily seen to be dominated
by the standard g*-function associated with w, ie.,

Qf ) dt’
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This is well known to be a bounded operator on L2, so again with Lemma 5.1 we
obtain C [|f(z)|? dz as an upper bound completing the proof.

6. Applications. For our first application we will extend Theorem 5.2 to
include other values of p and to move the weight to the other side. From the
operator K there is an associated maximal singular operator K.. We further extend
our results to hold for K, rather than just K. Though K. is a stronger operator, it
has nicer properties such as satisfying a good-lambda inequality. This inequality is
such a nice tool when weights, other values of p, and so forth are involved that we
would use the maximal operator in our proof even if we were only concerned with
just K.

DEFINITION 6.0. Given the operator K and its adjoint K*, we define the asso-
ciated maximal operators as follows:

K. f(z) =sup
e>0

/ k(z,y)f(y)dy],
|z—y|>e

(6.1)
K f(z) = sup

e>0

/ k(y,z)f(y)dy| .
|z—y|>e

Before we get to our next result let us save notation and so on by realizing that
whatever is satisfied by K and K, is also satisfied by the adjoint and its maximal
operator.

THEOREM 6.1. Let K satisfy WBPo(Q) for a po > 2. Then there is a positive
constant Cp, < 1/400 such that for f supported in Cp,Q,

6.2) / K. f(@)Pw?, () dz < Apo.p / @ Pds, [ eLP(CpQ),

63)  [IKS@Pds < By [ 1f@PuR 0 s, 1€ L2 (Cr@).

PROOF. The proof uses many standard techniques and so we will be brief in
places and just provide an outline. However, there will be a spot where we shall
again use the fact that pg > 2.

To begin, (5.4), (5.5), and duality imply

(6.4) [ 1K 1@ + 1K @) bz < By, [ 1 (@)Pus(z) de.

As has been mentioned we shall use maximal operators and to introduce them
we need a result similar to Cotlar’s inequality, [7]. That is, for € > 0, we have for
z € Cp, @,

(6.5) < Dy (MK f(2)) + (M[f*w, ?)(2)) /2.

/ k(z,v)f(y) dy
lz—y|>e

The proof of this is the same as the proof of Cotlar’s inequality and uses (6.4). We
note that (6.5) is true for the adjoint operator.
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Using (6.5) and the method of [2] the following good-lambda inequality can be
established.

{z € R™: K.f(z) > (L+ &)\, (M[f*w,?](z))"/? < CreA}]
< Ciel{z € R™: K. f(z) > A}
Again (6.6) also holds for K}. Having (6.6) it is easy to get

(6.7) / K. f@)F + K2 [(2)]P d2Cpo / (@) Pwp? (z) de,

for 2 < p < 0.

Now we have extended (6.4) for 2 < p < oo and arguing adjoints we have the
statements of Theorem 5.2 true for 1 < p < 2. Continuing the proof, we wish to
now show (6.4) for all p near 1, or equivalently, (5.4) and (5.5) for all large p. To
do this we shall move the weight wp, to the other side.

For € = (po — 2)/2, we have wpo(”e) € Ay C Aq for all ¢ > 1. Using the
relationship u € A, iff ul=? € Ay, 1/g+1/¢ = 1, then wh € Ay, where
1-q¢ = -p/(2+¢€)orq =1+p/(2+¢€). In other words, wh € Ay, for all
p/2 > 1+ p/(2 +¢€). This implies that the good-lambda inequality (6.6) is true
for the weight wp  for all sufficiently large p. From this it’s easy to derive using

distribution functions,
(6.8) /[K*f(z)]p + (K f(z)Pwb (z) dz < Dyy p / |f(z)|P dz,

for all p such that p/2 > 1+ p/(2 + €). Again the adjoint argument gives us (6.4)
for all p sufficiently close to 1, i.e., there is a ps such that for 1 < pg < ps,

(6.9) 1K@ + 1K @) do < B [ @)z (2) .

With interpolation we have the statements of Theorem 6.1 true for K and K*
instead of the maximal operators. To complete the proof one may now use (6.9) to
derive a sharper version of our Cotlar’s inequality (6.5) using (M[f ”wp‘op](z))l/ P for
all p > 1, thus implying (6.7) for all 1 < p < co. This proves (6.3). To prove (6.2)
for the maximal operator we do a variation of this by using (6.2) is true for K and
K* to establish another Cotlar-type inequality, i.e., the usual argument derives

|K.f(2)] < Cpop(Mu, K f(2) + {My,[f*)(x)}'/? + M f()),

(6.6)

where
1

Muyg(e) = sup s /Q lo(v)u, () dy.

Note that since wh < 1the M f(z) term provides no difficulty. So we have M,, K f,
{My,[f?]}'/?, and M f map LP into wk-LZg0 implying the same for K.f, 1 <p <
oo. This completes the proof of (6.2).

For our second application we consider a commutator with fractional differenti-
ation defined in Murray [10]. Specifically, let A be a scalar valued function of R™.
Consider the operator Cs f defined as follows for 0 < 6 < 1.

Csf(z) = [A4,1DI°)f (2)
(6.10) [A(z) — A(y)]

=¢(6) p-v. PRI f(y) dy,
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where |D|® is fractional differentiation defined for tempered distributions f €
F'(R™) as (|D|°f)~(t) = |t|° f~(t). This operator and the related Riesz potentials
I5 are discussed in Stein [12]. The normalizing constant can be easily computed as
¢(6) = w0*n/2 .T(=6/2)/T(n/2 — 6/2) using ideas in [12].

The kernel of Cs is asymmetric and if A belongs to Lips (R"™), that is

Al =y A2 = AW
z,y I.’lJ - y|6

< 00,
then the kernel is easily seen to satisfy (1.1) and (1.2). From Strichartz [14], we
define I5(BMO) as the space of functions f modulo constants that have |DJ°f €
BMO. Murray [10] shows, for n = 1, that Cs is a bounded operator on L? if and
only if Cs1 = |D|® A € BMO, that is, A belongs to Is(BMO). It should be noted
that the T1 theorem of David and Journé [6] implies the same result for all n. In
[14] it is shown that Is(BMO) is a proper subset of Lips(R") for 0 < 6§ < 1. It is
for functions A € Lips(R™)\Is(BMO) that Theorem 6.1 becomes useful. We now
state our result.

THEOREM 6.2. Let A € Lips(R™). Then for 1 < p < oo, and pg > 2,
[ tos@) - M+ (P A PHI@I > da < [ 1) da,

where Cs . is the assoctiated mazimal operator of (6.10).

PROOF. Assuming the weight on the left side is not identically 0, then this is
easily seen to be a restatement of Theorem 6.1. Of course a similar inequality holds
with the weight moved to the other side.
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